This paper introduces a new approach to the theory of Ω-categories enriched by a frame. The approach combines ideas from various areas such as generalized ultrametric domains, Ω-categories, constructive analysis, and fuzzy mathematics. As the basic framework, we use the Wagner's Ω-category [18, 19] with a frame instead of a quantale with unit. The objects and morphisms in the category will be called L-Fuzzy posets and L-Fuzzy monotone mappings, respectively. Moreover, we introduce concepts of adjoints and a kind of convergence in an L-Fuzzy poset that makes the theory "constructive" or "computable".
Introduction
Quantitative Domain Theory has attracted much attention [4] , [15] , [17] , and [18] . Amongst these developments, K.Wagner's theory of Ω-categories is most general, and J.J.M.M.Rutten's theory of generalized ultrametric domains is closest to the standard domain theory. So it is natural to think that some of the properties about the latter, especially those that closely connected with the operational and topological properties of the unit interval [0,1], may not be generalized to the theory of Ω-categories without restricted conditions on the valued quantale. Of course this is right in general, but it is not always true as K.Wagner's work shows. In this paper we provide more examples to further support this observation.
In section 2, we review some materials essential for this paper. As the basis we use Wagner's Ω-category [18] with a frame instead of a commutative quantale with unit. However, the method used in this paper applies to the general case. The objects and morphisms in the category will be called LFuzzy posets and L-Fuzzy monotone mappings respectively because we hope to stress the fuzzy view that this paper takes. We then prove a representation theorem which shows that every L-Fuzzy preordered set can be represented by a family of preorders on that set properly glued together. In the end of the section, we propose a theory of adjoint pairs on L-Fuzzy monotone mappings which is a generalization of Rutten's theory of metric adjoint pairs. In section 3, we introduce a theory of convergence in L-Fuzzy posets. The theory is based on a simple idea from constructive analysis, that is, replacing the arbitrary > 0 with a proper "computable" sequence such as {1/n}. So our work can be seen as a constructive version of Wagner's theory of liminf convergence. In the final section, we develop a theory for recursive domain equations in the category of L-Fuzzy posets and L-Fuzzy adjoint pairs, following the methods of J.J.M.M.Rutten [15] .
LF -posets and LF -monotone mappings
First, we review some basic concepts from the theory of Ω-categories in a slightly different form, see [19] for details. Note that we use a frame instead of a commutative quantale with unit.
In what follows, (L, ≤) will denote a fixed nontrivial frame (or complete Heyting algebra) with maximal element 1 and minimal element 0. For a, b ∈ L, the meet, union and implication in L will be denoted by a ∧ b, a ∨ b and a → b respectively. Definition 2.1 Let X be a non-empty set, e : X × X −→ L a mapping. e is called an L-Fuzzy preorder on X if it satisfies the following conditions: Lei Fan (partially ordered sets) and monotone mappings.
(2) If L = [0, 1], then the category LF-Pre (LF-POS) can be identified with the category Gums (Qums) of Rutten's generalized ultrametric spaces (quasi ultrametric spaces) and non-expansive mappings through the relation defined below:
Intuitively, e(x, y) is interpreted as the degree of x ≤ y. This partially justifies the term L-Fuzzy. Of course, there are other reasons for that. See the following Example 2.3(2), [10] , [11] , and [13] for more information. 
Then (X, e ≤ ) is an L-Fuzzy preordered set. Moreover, (X, e ≤ ) is an LFuzzy poset when ≤ is a partial order on X.
Then (X, e A ) is an L-Fuzzy preordered set. In particular, every frame L can be seen as an L-Fuzzy preordered set by letting X = L and A = id L .
Let (X, e X ) and (Y, e Y ) be L-Fuzzy preordered sets, and
We can make Y X as an L-Fuzzy preordered set by defining
Moreover, we define the noise between f and g as
Let (X, e) be an L-Fuzzy preordered set and x, y ∈ X, a ∈ L. Define a relation a on X as follows: x a y ⇐⇒ e(x, y) ≥ a. Then it is easy to check that a is a preorder on X for all a ∈ L. In fact we have: Theorem 2.4 (The decomposition theorem) Let (X, e) be an L-Fuzzy preordered set. Then
✷ Theorem 2.5 (The representation theorem) Let X be a set and F = {R a | a ∈ L} a family of preorders on X with the following properties:
Then (X, e F ) is an L-Fuzzy preordered set, where
Moreover, suppose that X, Y are sets with F = {R a | a ∈ L}, G = {T a | a ∈ L} satisfying properties (1) and (2) above, and
The proof of above Theorems are routine.
It is interesting to note that Theorem 2.4 and Theorem 2.5 can be rephrased in the language of (pre-)sheaves as follows. Recall that a presheaf on L is a contravariant functor F : L −→ Set from L (seen as a category) to the category Set of sets and mappings. One obtains a C -presheaf if one replaces Set with a more general category C with proper structures.
Let P O(X) denote the poset (so a category) of all preorders on set X with subset inclusion as the order. Then it is easy to see that condition (1) in Theorem 2.5 is equivalent to saying that F = {R a | a ∈ L} is a P O(X)-presheaf on L and condition (2) is exactly the sheaf condition.
It is well know that the theory of adjoint pairs plays an essential role in domain theory. J.J.M.M.Rutten [15] and F.Alesi et al. [2] established a truly quantitative version of the classical theory of adjoints. We will now set up a theory of adjoints about LF -monotone mappings that is a generalization to Rutten's.
For
In informal fuzzy logic terms, a * b is the "degree" of equivalence of propositions a and b, whereas a ≈ η b means that a and b are equivalent "up to degree η" at least. Definition 2.6 Let (X, e X ) and (Y, e Y ) be LF -preordered sets, f : X −→ Y and g : Y −→ X LF -monotone mappings and η ∈ L. If for all x ∈ X, y ∈ Y ,
then f, g is called an η-adjoint pair, and denoted by f η g. Theorem 2.7 Let (X, e X ) and (Y, e Y ) be LF -preordered sets, f : X −→ Y and g : Y −→ X LF-monotone mappings and η ∈ L. Then the following conditions are equivalent:
The essential part of the proof is a simple result from frame theory as below.
Lemma 2.8 Let L be a frame and a, b, η ∈ L. The the following conditions are equivalent:
A Theory of Convergence in LF -posets
In this section, we introduce a theory of convergence in LF -posets. It is based on a very simple and intuitive idea from constructive analysis, that is, we replace arbitrary > 0 with a computable sequence decreasing to 0 (such as {1/n}) for all practical purposes, see [3] for example. We generalize the idea to LF -posets. In fact, the resulting theory is a special case of Wagner's liminf theory of convergence. Definition 3.1 Let η = (η n ) n∈ω be an increasing sequence in L and {η n | n ∈ ω} = 1. Then η is called a testing sequence. is a testing sequence in L. This corresponds to the classical theory based on preordered sets.
(2) Let L = [0, 1] and for all n ∈ ω, η n = 1 − (1/n). Then η = (η n ) is a testing sequence in L. This corresponds to Rutten's generalized ultrametric theory.
(3) Let L = ω ∪ {ω} and for all n ∈ ω, η n = n. Then η = (η n ) is a testing sequence in L. This corresponds to Monteiro's theory of sfe (sets with families of equivalence), see [14] for the details.
Definition 3.3
Let (X, e) be a non-empty LF -poset, (x n ) n∈ω a sequence in X.
(1) (x n ) is said to be converging to x with respect to η (η-converges to x, briefly) and denoted by x = η-lim x n if there exists an x ∈ X such that for every N ∈ ω and a ∈ X, n≥N e(x n , a) ≈ η N e(x, a).
(2) (x n ) is called a (forward) Cauchy sequence with respect to η (η-Cauchy sequence, briefly) if for every N ∈ ω and m ≥ n ≥ N , e(x n , x m ) ≥ η N , or equivalently, e(x n , x n+1 ) ≥ η N for all n ≥ N .
(3) (X, e) is called η-complete if every η-Cauchy sequence in X converges.
The category of η-complete LF -posets and LF -monotone mappings will be denote by η-CPO.
Remark 3.4
An anonymous referee points out to the author that the convergence w.r.t η is a special instance of the notion of weighted-(co)limit from enriched category theory, see [5] . For the case of metric spaces see [16] .
Example 3.5 Let L = {0, 1}, and η is the testing sequence in Example 3.2(1). Then a sequence (x n ) in X has the limit x w.r.t η if and only if that x is the least upper bound of the set {x n | n ∈ ω}. Moreover, (x n ) is η-Cauchy if and only if it is an increasing sequence in X. So we have: Theorem 3.6 Let X be a poset seen as an LF -poset as in Example 2.3(1) and η be the testing sequence defined in Example 3.2(1). Then X is η-complete if and only if it is an ω-dcpo. ✷ Theorem 3.7 Let (X, e) be an LF -poset, (x n ) a sequence in X and x ∈ X. Then x = η-lim x n if and only if the following conditions hold:
(2) n≥N e(x n , a) ≤ e(x, a), N ∈ ω, a ∈ X. ✷ Corollary 3.8 Let (x n ) be a sequence in X and x ∈ X. If x = η-lim x n then:
(2) If x ∈ X such that the condition (1) holds then e(x, x ) = 1. ✷
The conditions (1) and (2) in Corollary 3.8 can be interpreted in ordertheoretic terms as follows:
In other words, x is the least upper bound of set {x n | n ∈ ω, n ≥ N } at the level η N for all N ∈ ω. Theorem 3.9 Let L be a frame seen as an LF -poset as in Example 2.3 (2) and let η be a testing sequence in L.
In particular, L is η-complete as an LF -poset. ✷ Lei Fan Definition 3.10 Let (X, e X ), (Y, e Y ) be LF -posets and f : (X, e X ) −→ (Y, e Y ) be an LF -monotone mapping.
(1) f is called η-continuous if for every convergent sequence (x n ) in X, (f (x n )) is a convergent sequence in Y , and
The set C(X, Y ) of all η-continuous mappings from X to Y is an LFposet too when it is seen as a subset of
The term "approximate" was coined by L.Monteiro in [14] . It is a constructive form of contraction mapping in the theory of metric spaces.
Remark 3.11
It is well know that every contraction mapping is continuous in the standard metric space. But it is not true in the present case. In fact, η-continuous and η-approximate mappings are incomparable. (1) If f is η-continuous and there exists an x ∈ X such that e(x, f (x)) = 1, then f has a fixed point.
(2) If f is η-continuous and η-approximate and there exists an x ∈ X such that e(x, f (x)) ≥ η 0 , then f has a fixed point. ✷
The proof of Theorem 3.13 is similar to the corresponding result of generalized ultrametric spaces, see Theorem 6.3 in [15] .
Domain Equations in the category η-CPO
In this section, we develop a theory for solving domain equations in the category of η-complete LF -posets and LF -adjoint pairs following the methods of J.M.Rutten [15] . Proofs of results in this section are similar to the cases of generalized ultrametric spaces, see [6] for details.
As basic framework we use the category η-CPO P (P stand for pairs) of η-complete LF -posets and η-continuous LF -adjoint pairs, that is, objects in η-CPO P are η-complete LF -posets and morphisms in η-CPO P are pairs f, g : X −→ Y , where f : X −→ Y and g : Y −→ X are η-continuous mappings. The composition of morphisms is defined as usual: if f, g :
in η-CPO P is called an η-Cauchy chain if for every N ∈ ω and n ≥ N , f n η N g n , or equivalently, δ f n , g n ≈ η N 1.
We will use the following conventions. For all k, l ∈ ω, k < l,
Note that f k,k+1 = f k , g k,k+1 = g k .
Theorem 4.2 Let
be an η-Cauchy chain in η-CPO P and { α k , β k : X k −→ X} a cone of the chain. Then { α k , β k } is a colimit if and only if the following conditions hold: 
denote the mapping f → F (f ) for LF -posets X, Y .
(1) F is said to be local LF -monotone if F XY is LF -monotone for any LFposets X, Y .
(2) F is said to be local η-continuous if F XY is η-continuous for any LFposets X, Y .
Lei Fan
(3) F is said to be local η-approximate if F XY is η-approximate for any LFposets X, Y .
Every functor F : LF − POS −→ LF − POS can be extended to a functor F P : η-CPO P −→ η-CPO P as follows: F P (X) = F (X) for every object X in η-CPO P and F P ( f, g ) = F (f ), F (g) for every morphism f, g in η-CPO P . The functor F P : η-CPO P −→ η-CPO P is said to be local LFmonotone (local η-continuous, local η-approximate, respectively) if the corresponding functor F is.
Theorem 4.5 Let F
P : η-CPO P −→ η-CPO P be the functor defined as above. Then:
(1) If F is local LF -monotone, then δ(F P ( f, g )) = δ F (f ), F (g) ≥ δ f, g for every morphism f, g in η-CPO P .
(2) If F is local η-approximate, then
for every morphism δ f, g in η-CPO P and N ∈ ω. ✷ As the case of generalized ultrametric spaces, we can now give a categorical version of the Theorem 3.13. Theorem 4.6 (The fixed point theroem, categorical version) Let F P : η-CPO P −→ η-CPO P be a functor.
(1) If F is local η-continuous and there exists an object X and a morphism f, g : X −→ F (X) of η-CPO P such that f g. Then there exists an object Y of η-CPO P satisfying that F (Y ) ∼ = Y .
(2) If F is local η-continuous and η-approximate and there exists an object X and a morphism f, g : X −→ F (X) of η-CPO P such that f η 0 g. Then there exists an object Y of η-CPO P satisfying that F (Y ) ∼ = Y . ✷
